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Nonlinear Panel Flutter
Using High-Order Triangular Finite Elements

A.D.Han'andT.Y.Yangf
Purdue University, West Lafayette, Indiana

A 54 degree-of-freedom, high-order triangular plate finite element extended for geometrically nonlinear static
and dynamic analysis is used to formulate and analyze the supersonic nonlinear panel flutter problems. The
finite element formulation is based on Kirchhoffs theory of thin plates. The quasisteady aerodynamic theory is
used. Numerical solution procedures are presented. The limit cycle oscillation analyses are performed for two-
dimensional and square panels with all edges simply supported and clamped, respectively. The effects of in-plane
compressive force, mass ratio, and in-plane edge stress free condition are considered. Stress distributions for the
limit cycle oscillation of a two-dimensional panel are plotted. For the case of panels under static pressure dif-
ferential, the results for the steady mean amplitude and flutter dynamic pressure are obtained for the two-
dimensional and square panels, respectively. The effect of biaxial in-plane compressive stress for a simply
supported square panel is studied and boundaries among the flat and stable region, dynamically stable buckled
region, and the limit cycle oscillation region are found. Alternative analytical and numerical solutions are
available for most of the examples for comparison and all are in excellent agreement.

Introduction

FLUTTER of a panel in the supersonic flow falls in the
category of self-excited oscillations. Panel flutter differs

from wing flutter in that the aerodynamic force acts only on
one side of the panel and that the phenomenon of the panel
flutter is generally less catastrophic than wing flutter. Small
amplitude linear structural theory indicates that there is a
critical dynamic pressure above which the panel motion
becomes unstable and grows exponentially with time. In
reality, however, geometrically nonlinear effect is present due
to vibration with large amplitudes. The panel not only bends
but also stretches with in-plane tensile stresses. Such in-plane
tensile stresses provide a stabilizing effect which restrains the
panel motion to bound limit cycle oscillations with increasing
amplitude as the dynamic pressure increases. The skin panels
of the flight vehicle can thus withstand velocities beyond those
predicted based on the small amplitude linear structural
theory. For a more thorough understanding and more realistic
assessment of the panel flutter problems, the geometrically
nonlinear effect due to large amplitude oscillations should be
considered. An outstanding survey of the studies on both the
linear and nonlinear panel flutter was given by Dowell1 in
1970. The basic theories and a detailed account of the
developments on panel flutter can be found in Ref. 2.

Various analytical methods exist for the investigation of the
problems of nonlinear panel flutter in supersonic flow.
Generally, Galerkin's method can be used in the space domain
and techniques, such as direct time integration method,3'5
harmonic balance method,6'9 and perturbation method9'11 can
be used in the time domain to determine the properties of the
limit cycle oscillation. Eastep and Mclntosh8 used the
Rayleigh-Ritz approximation to Hamilton's variational
principle instead of Galerkin's method to set up the equations
of motion in the space domain.

Applications of the finite element method to the linear
panel flutter problems have been studied by many in-
vestigators.12"23 A review of the applications of the finite
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element displacement method to the linear panel flutter
problems was given by Yang and Sung.23 Yang and Han24

extended the finite element formulation given by Olson12 to
study the flutter boundaries for the two-dimensional panels
buckled due to an in-plane force caused by aerodynamic
heating.

Mei and Rogers25 modified the NASTRAN code (level
16.0) to analyze the supersonic flutter problem of two-
dimensional panels oscillating with large amplitudes. Mei26

later applied the finite element displacement approach to
study the limit cycle oscillations of two-dimensional panels
with simply supported and clamped edge conditions. Rao and
Rao27 also employed the finite element displacement method
to study the large amplitude supersonic flutter problems of
two-dimensional panels with ends restrained elastically
against rotation. In Refs. 25-27, the incremental stiffness
matrices for the two-dimensional panels were derived by
neglecting the in-plane strain due to du/dx and by using the
quasisteady aerodynamic theory. The two edges were
restrained from in-plane displacements. Thus far, the finite
element application to treat the large amplitude panel flutter
problems has not been extended to the three-dimensional case,
i.e., rectangular panels with finite aspect ratio.

In order to properly treat the large amplitude flutter
problems of three-dimensional panels using the finite element
approach, accurate and efficient formulations must first be
chosen or developed for certain plate finite elements and be
tested for a variety of the large amplitude free vibration and
postbuckling problems of plates in the absence of
aerodynamic pressure. The present writers28 have extended
the formulation of the 54 degree-of-freedom (DOF) triangular
curved shell element developed by Dawe29 for small deflection
analysis to include the geometrically nonlinear terms for the
case of flat plate. The bending portion of the linear for-
mulation related to small transverse deflection is identical to
that developed for the triangular plate bending element with
18 generalized coordinates by Cowper et al.30 The for-
mulation in Ref. 28 has been tested through its performance
in a wide variety of geometrically nonlinear plate problems
with high accuracies: large static deflection, postbuckling,
large amplitude vibration with initial stresses, and linear
vibration of a buckled plate. For this triangular finite
element, each corner node has six degrees of freedom related
to each of the three displacement components, u, v, and w.
The six degrees of freedom include the displacement com-
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ponent and its derivatives with respect to x and y up to the
second order. The inclusion of the high-order in-plane
displacement functions enables the element to more ac-
curately and efficiently account for the coupling effect be-
tween the in-plane and transverse displacements.

In this study, the development in Ref. 28 is extended to
investigate the limit cycle oscillation problems of two- and
three-dimensional panels in supersonic flow. The effects of
air-mass ratio, in-plane stresses, and various out-of-plane and
in-plane boundary conditions are studied. The flutter
boundaries for both the panels with static pressure dif-
ferential and a panel buckled under in-plane stresses are
obtained. The present results are compared with those ob-
tained using alternative finite element and analytical ap-
proximate methods and discussions are provided.

Nonlinear Finite Element Panel Flutter Equations
A thin elastic flat plate with thickness h, length L, width 5,

and mass density per unit volume p is shown in Fig. 1. One
face of the plate is exposed to a supersonic airstream flowing
along the x direction with air density pa, flow velocity Va9
Mach number M, and aerodynamic pressure pa. The plate is
also subjected to biaxial in-plane stress resultant per unit
length Nx and Ny, respectively. In addition to the aero-
dynamic pressure, the plate is subjected to a static uniform
pressure differential, Ps.

The equation of motion for a thin elastic finite element
plate in the presence of geometrical nonlinearity may be
derived by means of Hamilton's principle,

5\'2 (T-U-V)dt+\t2
J tj J tj (1)

where T is the kinetic energy, U the strain energy, V the
potential energy of the applied conservative loads, and IV the
work done by the applied unconservative loads. In this study,
the conservative loads are the in-plane forces and static
pressure differential and the nonconservative loads are the
aerodynamic pressure induced by the plate motion.

The kinetic energy due to the transverse oscillation of the
plate is

(2)

(3)

The strain energy due to large deflection is

U--= Uj + U2 + U3 + U4

where

1 - v du
2 \dy

D

( du dv
\~dy~ *~dx (4)

dy2 / \ dy—— Yd 2 >

(5)
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P = Plate Density
Fig. 1 Panel configuration.

and D=Eh3/\2(\ - v2) is the plate bending rigidity.
The potential energy due to the applied conservative loads

is

The work done by the applied unconservative loads is

(6)

(9)

In the above expressions, the integration is performed over
the area of the finite element. The aerodynamic pressure
loading will be assumed to be that of quasisteady, supersonic
theory:

T7- -TT (W)

The finite element to be formulated for the present flutter
analysis is based on the 54 DOF triangular curved element
developed by Dawe29 for linear shell analysis, which has been
extended by the present writers28 to include the geometrically
nonlinear terms for the analysis of large deflection, post-
buckling, and large amplitude vibration of plates. The
displacement function for each of the three displacements u,v,
and w is represented by a two-dimensional polynomial of
complete quintic order of £ and 17 minus the term %4i\. The
coordinate axis £ coincides with edge 1-2 of the triangular
element. The axis 77 passes through corner 3 and is per-
pendicular to the £ axis. The term £4r/ is omitted to ensure that
the slope normal to the edge rj = 0 is in the form of a cubic
polynomial. Two further constraints are imposed to ensure
that the slopes normal to the remaining two edges of the
element are also in the form of cubic polynomials. The
number of independent coefficients is thus reduced to 18 per
displacement component. Each corner node then has 18
degrees of freedom, i.e., the three displacements «, v, and w
and their complete first- and second-order derivatives with
respect to the global coordinates x and y, respectively. It
should be noted that the portion of the present stiffness
matrix related to small transverse displacement w was first
developed by Cowper et al.30 based on Kirchhoff's plate
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theory. The differences between the elements of Refs. 29 and
30 are that the former element possesses double curvatures
and three quintic-order displacement functions u, v, and w,
respectively, whereas the latter element is flat and possesses
only a quintic-order transverse displacement function w. The
differences between the elements of Refs. 28 and 29 are that
the element of Ref. 28 is flat but includes the incremental
stiffness matrices which account for the effect of geo-
metrically nonlinear large displacements. Furthermore, the in-
plane displacements u and v and the out-of-plane
displacement win Ref. 28 are coupled. Thus, the important
and more realistic boundary conditions related to in-plane
displacements u and v can also be treated.

Substituting the displacement function for the plate finite
element into Eqs. (2-10) and then minimizing the Hamiltonian
in Eq. (1) with respect to each of the 54 nodal degrees of
freedom yield the matrix equations of motion,

defined as

PaVa(M2-2)
' (M2-!)3'2

[ [k] + [a] + ¥2 [n, ] + 1A [

V2
*

= lp] (U)

\=Pav2
a/(M2-iy<2

g = paVa(M2-2)/(M2-l)3'2
(14)

(15)

It has been shown by flutter experiments that the flutter
motion of the plates in limit cycle oscillation is approximately
sinusoidal. The time function for the limit oscillation has thus
been represented by using a sine or cosine function and the
higher harmonic terms have been neglected.8'9 Based on such
assumptions, the equations of motion, Eq. (13), can be
linearized and reduced to the following form:

[[Kff] [E] ( Qf] = iPf]

where

IK] = ¥2 [TV, 1 + ys (N2f 1 - y4 [TV, ] [Kmm]-* [N,

(16)

(17)

where [ m ] , [d], and [a] are the consistent mass,
aerodynamic damping, and aerodynamic matrices, respec-
tively, for the element; [ k ] , ' [ a ] , [/?,], and [n2] are the
linear stiffness, initial stress, first-order, and second-order
incremental stiffness matrices, respectively; the vector [q]
contains the nodal degrees of freedom; and the vector [p]
contains the consistent load. The explicit expressions for the
matrices [ k ] , [ f i 7 ] , [«2],and [m] were given in Ref. 28. The
explicit expressions for matrices [a], and [a] were given in
Refs. 13 and 31, respectively. If the mass density and the
thickness are constant throughout the plate and if the rotatory
inertia is neglected,

[d]=l/ph[m] (12)

By assembling the finite elements for the entire plate system
and applying the kinematic boundary conditions, the
equations of motion can be partitioned and written in the
following form using capital letters,

K•// J

N

J_
v^//

Ifm

Qm

Qf

N 'ff

(13)

where the subscripts m and/indicate membrane and flexure,
respectively. In Eq. (13), g and X are the aerodynamic
damping and pressure parameters, respectively, and are

Solution Procedure
In order to solve Eq. (16), the displacement vector is

assumed as an exponential function of time,

where a is a complex number, a = j8 + /co. When there is no
static pressure acting on the plate, the load vector [Pf]
vanishes and the equation of motion becomes

+\[A] + [Kff] + [E] ( Qf] = {0} (19)

where K = — a2 — ga /ph.
To solve the nonlinear eigenvalue equation (19), an iterative

procedure is used.25"28 For a given set of aerodynamic pressure
X, in-plane forces, mode number, and maximum amplitude,
the iteration starts from a corresponding initial mode shape
obtained from linear flutter analysis, with amplitude scaled
up by a factor. Base_d on this initial mode shape, the nonlinear
stiffness matrix [K] is formed and an eigenvalue and its
corresponding vector are found. This eigenvector is then
scaled up again and the iteration continues until the con-
vergence criteria H e l l for k is achieved,

(20)

where A/c,- is the change in eigenvalue during the /th iterative
cycle.

As indicated by the previous investigators,25"27 when X = 0
the problem is reduced to that of finding the in-vacuo
frequencies for large amplitude free vibration of plates. As
the dynamic pressure X is increased from zero, two of these
eigenvalues will usually approach each other and coalesce to
Kcr at \ = \cr and become complex conjugate pairs

K=KR± iKf (21)

for \>\cr. Here \cr is considered to be that value of X at
which first coalescence occurs for a specific amplitude of the
limit cycle oscillation.

In the absence of aerodynamic damping, £ = 0, the flutter
dynamic pressure for limit cycle oscillation is equal to the
value of \cr and a = /V^. In the presence of g, Eq. (15). may
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be expressed as

(22)

where fi=paL/ph is the air-panel mass ratio and for M> 1

(23)

When X>Xc r , the eigenvalue solution for k in Eq. (19)
becomes complex,

K = — a2 — ga./ph — kR — iKj

The limit cycle oscillation is reached when

For

g/ph < KI

(24)

(25)

(26)

j8 becomes positive, the amplitude will increase with time.
For flutter analysis of plates subjected to static pressure

differential, the equations of motion can be obtained from
Eq. (13) by neglecting the initial stress matrix [L] . The static
equilibrium state is solved using the Newton-Raphson ap-
proach where the time-dependent terms are neglected first.
After the static equilibrium state is obtained, the incremental
stiffness matrices [Nj] and [N2] can then be formulated.
Linear flutter analysis for the plate with small amplitude
oscillation can then be performed with reference to this large
displacement equilibrium state. In the absence of [E], Eq.
(13) may be simplified by writing all of the in-plane degrees of
freedom in terms of the flexural degrees of freedom first and
then eliminating them through matrix partition and sub-
stitution. Thus, only the flexural degrees of freedom remain,

{ Qf] +g[D] { Qf] [Kff]

where

1 = 10)

(27)

\-'(Nlmf] (28)

By assuming the displacement vector { Qf] as the exponential
function of time as shown in Eq. (18), Eq. (27) can then be
expressed as

+\[A] { Qf] = {0} (29)

To find the linear flutter boundary for a plate subjected to
static pressure differential is to solve the simplified eigenvalue
equation (29) by gradually increasing the dynamic pressure X.
When the aerodynamic damping g = 0, the coalescence of two
of these eigenvalues gives the flutter solution. When g>0, the
flutter solution is obtained when g = p/z/c7/V^, as defined in
Eq. (25).

For convenience of comparison of the present results with
alternative existing solutions, the nondimensional aerody-
namic pressure X, aerodynamic damping ga, and the eigen-
value K are defined consistently with those commonly defined
as

< = KP ±IKT =
_(phL4

(31)

(32)

(30)

Results and Discussion
The incremental stiffness formulation for the present 54

DOF triangular plate element has been evaluated in Ref. 28 by
analyzing a variety of plate problems including large
deflection, postbuckling, and large amplitude vibration. The
formulation for this element has been extended to include the
effect of supersonic aerodynamic pressure. Before applying
this formulation to solve the nonlinear panel flutter problems,
it is necessary to conduct a linear panel flutter analysis to
evaluate the aerodynamic portion of the formulation and to
determine suitable mesh sizes.
Linear Flutter Analysis

For linear flutter analysis of plates only the flexural
displacement need be considered. Due to the symmetrical
nature of the aerodynamic forces about the centerline of the
plate along the flow direction, only half of each plate was
used. The eigenvalue coalescence results obtained by using
four different kinds of finite element meshes for a simply
supported and a clamped square plate are shown in Table 1.
This table also shows two alternative finite element
solutions13'17 and the analytical solutions.31 It is seen that the
present finite element solutions are quite accurate even for
relatively coarse meshes.

In the following nonlinear flutter analysis, the single-layer
8-elerhent mesh shown in Table 1 was used. This mesh is seen
to give sufficiently good accuracy in the linear flutter analysis.
This mesh had also been found to give results with sufficiently
good accuracy when tested for all the nonlinear plate
examples of Ref. 28.
Limit Cycle Oscillations

A two-dimensional, simply supported panel was first
considered. A strip was modeled using a 5 x 2 grid point mesh
or eight triangular elements. The results for eigenvalue Kn vs
dynamic pressure X are plotted in Fig. 2 for two amplitude
ratios, w/h = 0 and w/h = 0.6, respectively.

For w/h = 0, the two sets of eigenvalues coalesce at \cr
= 343.35, which is the critical dynamic pressure for linear
flutter with no aerodynamic damping. When X>343.35, the
eigenvalue becomes complex and the flutter can occur at a
value higher than Xcr if some aerodynamic damping is pre-
sent. This X value is obtained by an iterative procedure when
the value of aerodynamic damping ga defined asVX^/M, and
the value of /c7/V/c^ as obtained in Fig. 2 are equal.

For w/h = 0.6, the two sets of eigenvalues coalesce at
X = 438.6 and become complex at X>438.6. For the case of
negligible aerodynamic damping, ga-~0, the limit cycle
oscillation occurs at X = 438.6. If some aerodynamic damping
is present, the limit cycle oscillation occurs at a higher X value.
This value is found by an iterative procedure as ga - K7 /VK#.

A complete parallel set of results obtained by Mei26 and a
coalesced X .value for w/h = 0.6 obtained by Rao and Rao27

are also shown in Fig. 2 for comparison. In both Refs. 26 and
27, eight beam elements were used by neglecting the axial
strain term lAullAx. In Ref. 27, the strain energy was further
linearized.

The results for the amplitude of limit cycle oscillation (w/h
at *=0.75L) vs dynamic pressure X for the two-dimensional
simply supported panel are shown in Fig, 3. Two values of
mass ratio (jLt/M=0.01 and 0.1) and three values of axial
compressive force (RX=NXL2/D = Q, -it2, and -2-Tr2) were
considered. For each assumed value of amplitude, mass ratio,
and in-plane force, the dynamic pressure for limit cycle
oscillation is obtained by iteration such that ga = VX/x/M= *7/

. The results obtained by Dowell3 using a time-integration
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Table 1 Eigenvalue coalescence results for linear flutter analysis of a
simply-supported and a clamped square plate.

* MESH FOR FULL PLATE
+ APPROXIMATE SOLUTION

3000

2000 - W.-

MEI
26

A RAO AND RAO
o—o PRESENT

27

<
1000 -

600

-1000

DYNAMIC PRESSURE X
Fig. 2 Eigenvalues vs dynamic pressure for the two-dimensional
simply supported panel.

method, by Kuo et al.9 using perturbation and harmonic
balance methods, and Rao and Rao27 using eight beam
elements are also shown in Fig. 3 for comparison. The present
results are in excellent agreement with those in Refs. 3 and 9.
It is noted that the present results for n/M=Q and ^/M=0.01
are found to be very close so that only the latter results are
shown.

The results for the distribution of the nondimensional total
stress in the upper and lower extreme fibers along the chord-
wise direction are shown in Fig. 4 for />t/M=0.01 and for
A = 400 and 500, respectively. Both 8 and 16 element meshes
were used and the two sets of results are very close. The upper

1.0

0.8

g 0.6
D

5?
^ 0.4

0.2

A 9 A

KUO et al. (/X/M=.OI)
DOWELL3 (/x/M=O.I)
RAO AND RAO27

' 0)

PRESENT (/i/M=.OI)
PRESENT (/JL/M = 0.0
I I I

200 300 400 500 600 700

DYNAMIC PRESSURE X
Fig. 3 Limit cycle amplitude vs dynamic pressure for the two-
dimensional simply supported panel.

and lower extreme fiber stresses are symmetric about a
nonzero mean value, which is the in-plane tensile stress due to
large deflection. The results obtained by Dowell3 using a time-
integration method based on six modes are also shown in Fig.
4 for comparison. The agreement is very good.

A two-dimensional clamped panel was considered next. The
results for the amplitude of limit cycle oscillation (w/h at
jc=0.75L) vs dynamic pressure X using eight triangular plate
elements are shown in Fig. 5. Two values of mass ratio
(fji/M= 0 and 0. i) and three values of axial compressive forces
(RX = Q, -7T2, and -2?r2) were considered. The results ob-
tained by Rao and Rao27 for /x/M=0 using eight beam
elements are also shown for comparison. The agreement is
close.

The results for the additional boundary condition that the
two edges are free to move in the plane of the panel are also
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Fig. 6 Limit cycle amplitude vs dynamic pressure for the simply
supported square plate with in-plane edges fixed.
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Fig. 5 Limit cycle amplitude vs dynamic pressure for the two-
dimensional clamped panel with in-plane edges fixed.
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Fig. 7 Limit cycle amplitude vs dynamic pressure for the clamped
square plate (n/M= 0.1).

shown in Fig. 5. Similar results were obtained by Do well.3

It is of interest to see that due to the absence of in-plane
stretching, the dynamic pressure is independent of the am-
plitude and is equal to the critical value for linear flutter. Such
conclusion has also been found for the two-dimensional
simply supported panel, but the results are not shown in Fig.
3.

The third case considered was a simply supported square
plate. The results for the amplitude of limit cycle oscillation
(w/h at x = Q.15L on the centerline) vs dynamic pressure X
using eight triangular elements to model half of the plate are
shown in Fig. 6. Two values of mass ratio (jK/M=0.01 and
0.1) and two values of biaxial compressive forces
(Rx = Ry=NxL2/D = Q and -2ir2) were considered. The
results by Do well3 using a time-integration method based on
six modes are also shown in Fig. 6 for comparison. The
agreement is excellent. The boundary condition for edges free
to move in the plane of the panel was also considered with
results shown in Fig. 6. The amplitudes of limit cycle
oscillation are considerably larger than those for the panel
with in-plane edges fixed.

The fourth case considered was a clamped square plate and
the results are shown in Fig. 7. The results by Ventres and
Do well5 and by Kuo et al.9 are also shown in Fig. 7 for
comparison. The agreement is excellent.

Flutter of Panels Under Static Pressure Differential
A simply supported and a clamped two-dimensional plate

were first considered. The plates were subjected to a static
pressure differential Ps and a dynamic pressure X. The results
for the steady mean amplitude (WJh at x = 0.1L) vs static
pressure differential parameter PSL4iDh for various values of
X are given in Fig. 8 for both plates. The results for the simply
supported plate are practically in total agreement with those
obtained by Dowell.3

Based on a state of mean steady equilibrium under a
pressure differential Ps, the dynamic pressure corresponding
to the flutter condition can be found for a certain value of
mass ratio /x/M. This is done by an iterative procedure to
search for the X value such that the aerodynamic damping
parameter Vju/Mand the value of K//VK^ found from the
complex eigenvalue are equal. The flutter boundaries plotted
as X vs Ps for /z/M=0.1 are shown in Fig. 9 for both plates.
The results for the simply supported plate obtained by
Dowell3 are also shown for comparison. The agreement is
excellent.

A simply supported and a clamped square plate were then
considered. The results for the steady mean amplitude (WJh
at 0.75L on the centerline) vs static pressure differential P5 for
various X values are shown in Fig. 10 and the flutter bound-
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Fig. 8 Steady mean amplitude vs static pressure differential for the
two-dimensional panels.
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Fig. 11 Flutter dynamic pressure vs static pressure differential for
the square plates (fi/M= 0.1).

—— DOWELL

o PRESENT

LUtrz>
CO
CO
UJ
oc
CL

LIMIT CYCLE OSCILLATION

BUCKLED, BUT

DYNAMICALLY STABLE

BIAXIAL COMPRESSIVE FORCE -^L

Fig. 12 Stability regions for the simply supported square plate.

aries plotted as X vs Ps for ^/M- 0.1 are shown in Fig. 11 for
both plates. The results for the simply supported case by
Dowell3 are also shown for comparison. The discrepancy
becomes larger as Ps increases. A maximum discrepancy of
10% is observed at PsL4/Dh = 1200.
Flutter of Buckled Panel

The effect of in-plane loading on the flutter boundaries for
a simply supported square panel was studied. The results
plotted as dynamic pressure X vs biaxial in-plane compression
Rx=Ry for fji/M= 0.1 are shown in Fig. 12.

For the linear flutter boundary, the biaxial in-plane
compression Rx has a destabilizing effect such that the X value
decreases as the compression increases. Below this boundary,
the panel remains flat and stable, whereas above this
boundary the plate undergoes a limit cycle oscillation.

For zero dynamic pressure, the plate buckles at Rx = - 2ir2,
the Euler buckling load. Due to the stabilizing effect of the
dynamic pressure, the critical buckling value of Rx becomes
higher for a higher X value. Thus the X vs Rx plot forms a
boundary between the stable unbuckled region and the
buckled but dynamically stable region. This boundary in-
tersects the linear flutter boundary and after that a third
boundary is formed.
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Below this third boundary, the panel is buckled in a
nonlinear, equilibrium, and dynamically stable state. Above
this boundary the plate undergoes a limit cycle oscillation. A
point on this boundary is obtained by an iterative process to
solve for Eq. (19) and to search for the highest X value
corresponding to the zero frequency of the limit cycle
oscillation. The parameters to be incremented in this iterative
process include X, Rx, and amplitude.

Concluding Remarks
Within the assumption of Kirchhoff s plate theory, a

sophisticated 54 DOF triangular plate element originally
developed by Dawe29 for linear thin shell analysis was ex-
tended by the present writers28 to include the geometric
nonlinearities and has now been further extended to for-
mulate and analyze the nonlinear supersonic panel flutter
problems. The portion of the formulation related to the linear
bending behavior is identical to that given in Ref. 30.
Quasisteady aerodynamic theory has been used. The for-
mulations and solution procedures have been evaluated by
analyzing a variety of examples: 1) limit cycle oscillations; 2)
flutter of panels under static pressure differential; and 3)
flutter of a buckled panel. Alternative analytical and
numerical solutions are available for most of the examples for
comparison and all are in excellent agreement.

It is noted that the present examples contain panels with
rectangular shape, thus the finite element solution based on
Kirchhoff theory is smooth and overconformity at the vertices
does not cause difficulties. The present development is not
intended for the solution of plate problems that require the
use of the Reissner-Mindlin33'35 plate theory. For example, if
a simply supported rhombic plate with acute angles of 30 deg
subjected to uniform load is considered, a strong singularity
will occur at the obtuse vertex when Kirchhoff theory is used.
In that case, finite elements should be formulated based on
the Reissner-Mindlin33'35 plate theory. Discussion of this
point can be found in, for example, Refs. 36-38. It has been
shown in Refs. 37 and 38 that accurate and efficient solution
for this example can be obtained with relatively coarse mesh
and progressively higher /7-vaIues if the /7-version finite
elements based on the Reissner-Mindlin plate theory are used.

Thus far, the finite element application to treat large
amplitude panel flutter problems has only been limited to the
two-dimensional case, i.e., a wide beam or a strip. This
development enables the finite element application to be
widened to the three-dimensional case to include: rectangular
panels with arbitrary aspect ratios and complex in-plane as
well as out-of-plane boundary conditions; and panels with
geometries for which the Kirchhoff plate theory can give
satisfactory solutions in buckling loads and modes, flutter-
related lower frequencies and modes, and postbuckling and
large-amplitude vibration behaviors.

Some logical extensions may be worthy of mentioning: 1)
panels with initial deflections; 2) use of linear potential
aerodynamic theory for low supersonic Mach number; and 3)
nonlinear aerodynamic loadings.
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